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Sullllllary

‘I’i Iis 1):1])(1  :Ittclll])ts  (0 jllstify Il]:itllfltlati(;ill)  111( lffo  (]tll)iri(al  aI)j)ro:IclI(w  10 tlIc  ])101)1  (111

01 (It’rii’il}g Z // r(lati(J]Is  fro]]] ( Z ,  1{) IIl(asllt tL]ll(lIts, tIa]II(ly t I]( ])oi~ct law ]rg;rcssio]l  ;III(I

[II( “l)rol)al)ilil}  ]I)at(lli])p, 111(  ’111()(1”  (l’hlh l). ‘1’li(  I):lsi( ]Il:llll(l]]itti(tll assllll)l)tio]ls tlI:It al)])l~

ill (’a(l I (:Is(’ ar( (Jxj)li(itly i(l(’])tifi(xl. III tl]( filst (iIs(, tl](’ a])]) ]()])]iat( dss(lltlj)tio]i i s  tl]dl

t  II(’ s(att(’r i]) t II( (Z, /{) ]I)(ils{ll (llt(’llts r(’fl(’(ls (x; I(t 1: t II( lal IclotIIII(ss  ill tllr collll(~(t  iol)

l)(t\\(YII  Z :111(1 1{ (111( 10 a Ia(k o f  sllfli(ict]t tI l)]iori i]]f’orlllalioll” al)()(lt (itl]cr  o f  111(111. II] tlI(
S(’(’[)11(1 (“t Is(’: {II(’ :Issll[llj)tio])  i s  tl)al tl)( ]1)(’:Isllt(’lII(llls I];II(’ 1)((]1 (lass ifi((l il]to cat(,go]i(:
d I)]ioli, ill a \vay t)l I:It allows  011(~ to ( ’ x ] )  ( ’ ( ’ t  a 11(  ’ill’lj’  011(” t o  011(” (’OI’I’(’SI)  OII(I(I1(’(” l)(t,\v(Yll z

;III(I // i]] (aclt  (al(rgor~r, tl](’ s(alt(’r i] I tlI( ]II(I:Islll(l]](llls  I)(i]]p,  (111(1 1 0  l(si(l(ltil  ]Iois(.  ‘III(

l); Il)(I III(II slI()\\’s lI()\$’  tll( dss]]]lll)tiolls ]latllrdll~  I(;I(I. iII 111( fiIsl (iIs(I, t o  ii “(()]  l(liti()]l; ll-

II I, CIII”  X 1{ r(liltioll (J I \\’lli  (l] 111( ])()\\(I Ia}!s :11( f(:),l(~ki<)t]  l~:(s((l :I])l)]t)sittl:itiolls, aII(l, iII
1  11(’ S(’(’oll(l (’;1s(’. to :1 “I)]ol)til)i  litjr-]lt;  11(11  ((l’” r(l; ltio[t.



A]) altop,(tll  (’r (Ii[l”(r(llt  MxOII(I  al)l)loa(ll  to r(’lat(, Z to Ii’ ali(l  rt(ll](( [1](ss(  al]ll)i~,(liti(s

\\:lso]igitl;  lll~l)l~)])(js((l  l)j('illl  l[il()stit  1(1 Zft\v:l(lsl <i(l!)S"/),:il](l  lat(,l  tl(\(lt)i)((l:III  (l(xl(ll(lt~l

I)y A t l a s  <I II(I I{ OS(’111’(’1(1 (s(’(’ (’.~,. ,Itlasct al 1$)!1[1, I{(ExIII’ (1(1 (t :11. l!)!}] :i]I(l I$N.’)I)). III i t s

])l(s(tlt lorl II, 111(  l(s~iltil)~, ‘“l)]ol)aljilitj  ]]];it(lli]lp,]il(llio(l’” (1’ II IAI) h((listo(l:lssil’~ tlI(Itj])(

(){ rail) at lIiIII(l Ilsillg, ol)j(~(li\(  (lit(~lia l)(~lo](~ alt(tll])till~,  to (l(li\( 111(  al)])lo])liat( Z It’

relatio]]. l{iItl Ier tl]il]l cxl)rcssi]lg  tlic Z fi rcldtio]l  ill ter]]]s ofa :)il(tl s e t  of rai]l j)ar;il]]ctcrs,

tl]c It I(stl I()(l f i r s t  classifi(’s tli(’ rai  II r(’gill](’ ac(or(lillp,  to c](l/illtitiili\’(lJ  IOI)IIS1 (lil(r ia, tllcll
(1(’rives tl)(’  ii])])lo])titit(” Z /{ rclatioll  directly  f’mlIl 7//(/7:qi)/(/l  Z alIcl  /{ (1:1(21,  (oll(’ctc(l  froll I
s21111])1(’  (.\I(*I  Its go\ I(*r II(*(l I)y tlIat ])artic~llal rcgiltlc. ‘J’l  Ic rcsu]tll}p, r(laliotls  ar( tl)(rcfoIY>  II()

]()]lg(r given  I)y iillalyti(  (los(Y1-lorlII”  (Jx])rcssiolls, l)~lt tll(:yal(jllst  :ls(fli(i(lltlJ(  ()]tl])Llt?ll)l(

as {I](’ l)avalll(lri(  (10s((1 I<)rlll  r(latiol]s (l(wrilw(l  almvc.

‘1’l)is ]):1])(’I’  :Itl(’lll])ts  to j~lstifj’  lllatll(lll:lli(;ill\r  tll(’ t\l’(~ (Jlll])ili(  ’ill il])])l’od(’1l (’S to 111(’

I)K)I)I(III ol’(l(ri\  ilip) Z // l(l;~tiolls:  t l l ( ’ ] ) ( ) \ \ ’ ( ’ l ’ - l d \ \ ’  r(p,l(ssioll  illl(l III(’ 1)111[, Ill (’il(’11  ( ’ i I S ( ’ .  \\”(’

i(l(’lltify (~xl)licill~  11)(’ I)asi(. Ill:ltl  l(’lllilti (’ill ilSSlllll])tiollS tll~lt ii])])])’. illl(l IV(’ Silo\\” ill \i’llilt  \\ ’il,l’

(11(’~  1( ’il(l to il ])()\\’(’l’-lil\\’  r(latioll, ill tll(’ first ( ’ i I S ( ’ ,  illl(l il ‘(])l’ol) ill)ili lj”-l]l:lt(ll(  (l’” 1“(’liltioll  ill

111(’  S(’(”oll  (l. 1! t i l l ’ l l S  Ollt tllilt tll(’ Still”til)g  IIliltll (’lll?lti(’.?il  llJ’])otll(’S(’S  il])])l’()] )1’iil((:  t o  (’it(’11  CilS(>

il I’(’

1 )  oll(’isp;ivoll Silllll ltilll(’OLIS(Z,l{)  IIlctlslllclll(:lltsflolll  Ol]cor Illot( I’ilill  (’\’(’l  Its with litll(’

01” 110 il l)liori  (’lilllill olop;i(’  ill” 01 I)llysi(dl  ill fol’llliltioll.  ”

2) 011(~  i s  ~;i\J(il Z- illl(l /{- ltl(:dSll l’(’ltl(’lltS  1’1’()]11  011(” 01” 1]]01’(”  I“ili]l  ( ’ \ ” ( ’ i l l s  sllari]ig, ])r((is(

ol)j(xti\’(”  Clilllilt olop,i(”ill)”  ])llysi(.al  illl[l ~;(’olil(~tric  (’llill’il(’1  (’ii Sti(’S,



‘1’1)(’ Illdiil (Iill’(1([1((  i s  ill III( allIOIllI[  ol’(ll”oit”  011( (I((i(l(s [() (’sl)(lI(l  :1 I)rioli ill ~l;lssil’ji[l{;

(11( rail)  (’t(llts a((or(litlp, to 11)(’ r(’1(1’allt (liitlii[  OIop,  i(:il/]) llJsi(:ll/  p,((Jtll(tti(” (ollsi(l(t:l(iolls.”

II]  (a(lI of tlI(’ t w o  c a s e s ,  tllc p,~liditlp,  j)ril)cil)lc i s  10 ]IIakc sIlrc tlIat 111( Z // rcliitioll dcriv(xt

i s  ()])tilllal  accor(lill~,  (0 tll(’ l))?ltll(~]]);lti(;ll  asslllll])tiolls l)]a(l(’. ‘1’llis  (11s[11(s  tlliit,  ~,il’(11 ii

])arli(llliir rail) (~v(’tl(,  (II(J (’stit]l:it(’s ol)lai]l(xl  IIsillp,  citll(’r 011(1  01 lI)(*s( [Jvo :IIJ])1021(I](Y+ (ail

I)(’ rigorollsl~’”  j[lstifi(d \vitllo[lt r(wrtillp;  to (xtra]i(wlls  ass~llll])tiolls.

\!/( tali(’ IIlis ol)])orlllliil~  10 ])oillt 0111 lll:lt otll(t ?Il)])tod(iI(s.  SII(II  :Is lII(L ‘“l)ill;illl(tli(”

(for  la(k of :1 1)(11(1  (l(~(lil}lioll)  IIl(t 1)()(1 (I(s(lil)((l  ill 11:1(1(1:1(1  (1 al (  I!)!)(i:l  )  il]i(l :I])l)li((l  10
(~slilll~li(’  rain ])rofil(’s  ill 11:1( 1(1;1(1 et al ( lo!)!)). (:111 I)(’ 11s(’(1. \\ ’(’ slial] (ollliTl(  1  Ilis (lis(~lssiol]

to t II(J li\() (Jlll])iri(:ll III(I II()(ls  (I(s(lil)(tl iIl}()\(.

2 Z-- Ii using no a priori  classification

Assu I]l(’ t]lat a I;i]gc tILIIIll)(*r o f  car(~f[ll  silllllltall(olls  (Z, 1{) 111(  ’iIs LII(’III (IIts \Y(JI(> coll(~ctml

Iisil}g (lis(ll(~lll(’t(’ls  (J1’ l“il({il  l”-iIIJ(l- l’tJil)-/,  illl/\(’S  (Illril)g 011(” or l]]or( t~r])i(al  l:lill (i(]lts, al](l

ll)atl  a sal))])l(d joil]tj  ])tol~al)ility dcllsit~  f[l))ctioll 7->(z,~~j l]as bull coilll)il(cl. \4ritlloll( a(-
(olllllitl~~ 1’01” Ilo]izolllal”  ?III(I ~(’ttical i]]l]ol]lop,(’11(’iti(~s”  i]) [II(I (IIc)]) (Iistril)[ltiol].  \\llicll  CaII

ctIIIsc tl~)ll-llliil’()]’]]]it  i(s ill 1 II( Z- aII(l //- 1]1(’:isill[’f]]c’rlts,  UJ I’(JI [II(, I)ossil)l(”  Cl I{ II Ig,(’S it{ [11(’

st  tiitifolll)/(()]l\’(’(t i\ ’(’  Ilat ~il(’  0 1  t  II(, rail) (’\’(’llt  :IS i t  (’vo]i’(~s ill Ii]ll(,, ~ :111(] // iii]] st, j]] I)(>

(vrr(~lat (’(l, l)lIt tll(’r(’ frill I)(’ Iio OJIc-to-011(1  (olt(’s])()]l(l(]l(( I)(,[iv((]]  II I(aSIII ((l l(fl(xti\’itJ

I(VCIS all(l  sillgl(-])oillt  rail]-rate figllrcs. III this cdsc tl)cwfol(,  it is  ]Iot r(asolial)l( to look for
a (I(>t(’1’ltlillisti(.  Z f{ l(~ltlliollslli]). l{at,llcr,  tllc I)(st 011( (all (10 IIllcl(] tll(’s( :Issllllll)tio])s  is  1,0

I()()li fol”  tlllilt fu]lctio]l  // = j(Z) wllic]l  111/l li(’S, 01] a\’C’lagC, tll(’ Slll:lll(’sl (’11’01” as Calculak!d
frolll 111( OIJS(]VC(I  (X, //) IIIC;IS(I](’III(]IIS. It i s  a I):lsi( r(sLIlt (J( ]jr(jl,al,ilil} tll(xjI\ t h a t  f(:)

i s  tlI(’ (<jllfli[io]lal 111(’:111  L!- {//1  Z : 2} c)I’ /t’ j,i,l] tl)at Z : ,

( 1 )

1



\’(t, ill !I)is (:1s(, tl;l(lilioll:lllj, ]J()\\’(’Ela\\  r(l:lliotls  ()[’  111( I’ott]l Z : (/1{1’  ll;l\”(’  1)( ’(’11 11s(’(1,

llol~ ar( 1 II(Y MI: II(YI 10 lIJC s[alislicdll~. OI)! i])]dl dfJI)r(H(lJ ‘ ?  l)l’il(’ li(’illlj’, [11(’ ()])lilllill Iol’llllllil

:tl)()\’(’  \Y(Jlll(l 1( ’d(l 01)(” 10 iilf(~r  (Iir(’((lj’ tll(’ a])l)to])ria[(”  1“(’lillioll  [[silly, 111(’ Sill lll)l(’ (oll(iiliollill”

111( ’illl. llo\V(’\’(’1”  ii’ 111(’ (oll(liliollal”  I l l ( ’ i I l l  ol” /{ :I,il(ll tllilt Z : (]()(’S ~111’11  ()(1[ to ])(’ ii ] ) ( J \ \ ’ ( ’ l ’

l; II\ I’llf](liolt  (}J .7 (;IS ill 11,[ ;IS( \\ ’11( ’l’(’ (, Y,/t’) ill’(’,joill(lj” I(J/,llol’lll  ill), llJ(’11  011(” Sllf)lllll ol)lilill

t 1 1 ( ’  Sillll(’ \Jillll(’S fol”  (/ ?Ill(l l), \Vll(’[ll  (’l’ 011(” (’dl(’~ll{lt(’S  111(’ ])()\\J(’l’-lil\Y ])ill’tll  ll(it(’l’S (/ 2111(1 I) (lit((t 1~,”
fro]]] tl)c sall)])l(’ collditiollal”  111(:111  o r  l))’ ])(’rlor]l)illg  a r(~,r(ssioll  011 tlI( (Iiita  ‘I IIIM(  I) IOI)I(IIIS

~tris(’: first all(] IIl(x+l olj\i(~lls,  iJ’ i 1)(’ (oll(liiiol)al”  IIl(>illl  of /{ ,qivcll Z i s  IIot (’X:1(1  l)’ il l)(~\\’(l’-

lil\l’ Illll(lioll  Of Z, 111(’ I)oll’(’l’-liliv  r(gr(ssioll \Volll(l  1)1’()(ILI(’(’  tl coll(s])ol](lillp)l~”  illac(llral(  fit.
l+’ip)llw 1 il l’(’])l’()(lll( ”(’S :(11 (’xa II Il)l(’ (111(. t o  Sllolt (’t al (  l!)9~3), sllolvitlg  011(1 illstall((~  ill \\lli(ll

]10 j~(~l!’(’l’  ld\Y (’ill)  ;I(l[’([llilt  (’1)’ (l(vi(ril)(~  tll(’ go[r(il’llillg  Z /{ I’(’lillioll. l’ip,~lr(  I 1) s i l o \ \ ’ s  III(’

(J])til))al  (ollclitiollill-il)(’:111”  l’(’lillioll  to] (Ilis (Iata, ol)taill(>(l  IIsillp,  ( 1 ) ,  aloi]p, \vitll  lII(J ])()\v(Jl-

lii\f’ rcp;r(’ssioll  cllr\’(s  (otl(s])oll(litl~)”  10 111($ l\ro 11101’()  01 l~)sS (list ill(i I’tlill r(!,illl(s p,o\(rllitl,!’,

(liff(~r(’llt  s(’$,lll(:llfs  of lllc (I at a. Nolo” tl]at ill this cas(,  11]( r(l:\ti\’(  r.]l], s. (1101 (111( 10 111(

(lis(l’(’ti ~,iitioll o f  11)(’ 111( ’il Slll’(’1ll(’lll S (I lot itl(l(l(lillp,  1111((’lt;iitlti(~s  (111(’  10 111(’  Iilllil((l  Iltll’(l\Viil’l’

I)r((isio]l, tl)c iIIstr  III II(’111  (Icsip)]l, or (11(  calil)ratio]l)  \’;lri(s i’roIII l o %  fol )/ dII(l 12(X) lk)I Z.

ill tll(’ ll(’il\rJ’-l’<lill Sillll])l(’S, t o  I S( X  I“ol” 1{ ~111(1 ?,N(X I_ol Z, ill 1]1( Ii$,llt-lai]l  Silllll)l(’S.

:1 S(’(’oll(l (11’tl\\’l)il(’1< of Ilsillp,  11]1(’lilssi~i(’(1  (1<11:1 to illf(t ;I Z){ r(~latioll. \III(ll I(’I 0111”

( ’ 1 1 0 0  s ( ’ S ”  1 0  11S(’ il ])()\V(’I’-lil \\’ ill)] )l’OXilllillio  Tl”  01” tll(’ Sill ll])l(’ c~)ll(litiotl?tl  111( ’illl. i+ lllill (Jll(’  [11( ’11

1 1 (  ’(’(1S it 111111  )1)( ’1’ o f  siltllll(atl(w[ls illl(l (’() lo(’:it( ’(1 (Z, 1{) lll(’il Slll’(’lll(>lltS  tllilt i s  Idl’p,(’ (>llollp)ll

1 0  I)\lilcl  il s(lital)ly ~1(”(’lil’ilt(’ joi])l (l(]lsil J f(ll]ctio]l  ‘~>i~,}~~.  111  l)lil(tic(l it i s  (Illil( tli[li((lll lt)

Ill?lli(’  111(  ’21  S111’CIIIC1]lS of 111(’  ])dir  (Z, , /{) that  (all I)(, cotisi(l(r(xl  sil]l(llt;il](()[ls,  Z, (1(1101  ill;;

111(’ l’:i(lil l’-(’Stilll:lt(:(l  Z 01’(’1” t II(’ I’ilill  p,:ltlg(’ :111(1  // (11(’ l’~lill  -g:lll~(’- lll(’il Slll’(’(l  I’ilill itlt(l)sit~.
h~or(:o\~cr,  collcc.lillg  a sllffici(tltl~  I+(rg( Il(lll)l)(r  of” sall]])](s  (al] dffc(t tll(’ ll(~l])og,(ll(it~  of t II(

rcs{lltillg (X, 1/) ]m])ulatioll, ilS tll(’ (’X; II II I)I(, o f  l~ig. ld illll S1l’ilt (’S.

l{’illilllj’, W]lil(’ tll(> (’oll(li  tiollil l-111 (’iill”  ~ll)l)l”oil(”ll  (10(’s ])1’()(111(’(’ ii Z 1< 1(’lati(~tl \vlli(ll.  illlloll~,

all lmssil)lc  forlIIulas  0]1(’ CaII US(: to r(latc Z aIId 1/, lIIak(s tll(: sIIIall(wt r.111.s. (IIWI I\rl I(II tlI(
(Iillil i s  (Ili(lassi[i(’(],  [I]is (’1’1’01” i s  II(J! 11( ’( ’( ’SSil)’ilj’  S!ll:lll.  Ill Iil(’1  , 11)(’ ( ’1 ’1 ’01” ( ’ i I l l  1)($ (’S1 illlill (’1

(lir((tl\ [’1’0111  tll(’ Sill lllltilll(’<)lls (Z, /{) 111(  ’il S(ll’(’1ll(’llt  S: it is [l,i\.(11  I)j’ t]l(~  s(lll; It(’ 10[)1  (11’ tll[’

((oll(liti(~llit!) S?,II1]JIC  \aria~lcr, i.(. lj~’ 11)( scatt(r ill tl)c joilll (Z, f{) ]II(2isLiI(JIIi(]Its.  \\’11(11

tllics s(:a(t(:r is large, 11}( LIs(llllll(ss  OJ”  11](’ 1(’sllll;ll~ X 1{ r(latioll  is ull((rtiiill.  l“i~,(lt(  1 ( slI(~\vs

a ])lot  of tll(: rdatliv(: r.t Il. s. u]l((’rtaillly  (i .(’. Of tll(: S(lllar(’ 1“()()( of 111(’ co]l(litio]]d!”  \’ill’i;lll  (’(’,

(li\Ji(l(’(1 I)y tllc co)lditiollal  111(  ’;111), +1s a fllll(”tiol]  of tjllc ra(lal r(~flcctil’ity,  for tl](’ (I;ltil 0 1 ”  l“ig.

la, II I  tl]is c.asc, as Z illc.r(ascs, tli( r(’latjiv(:  r.lll. s. (ltl((rtaillt~  ill tllc ()])til] l;lll~-(  >stilllat ((l 1<

~lil(lllall~’  (l(’(’I’(’;IS(>S  to ;Il)ollt 20(X, (1]1(’ S(ll)S(’([\l(’Ilt (l(’(’l’(’ilS(>  \i’]1(’1)  X i s  g)l’(’; lt(’l’ t  IIilll IT) (II;Z

i s  (111(’  ll]:li]ll~ to tll(’ (’Xtl’(’lllol  J” Slllilll S:1111])1(’ size. :11 :11 (I1{Y,. 011(” Slilll(lill’(1  (1( ’\iillioll still

illllollllt  S (() illl 1111 (’olllf ol’t~ll)l  ~’” lill’~, (’ r)()({.
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\\III(JI(* .\; i s  ;I r:l[l(lolll  iilrial)l(’ t(’l)l(s(’tllitl~, :l(l(Ii[i\(’ Ilois(, :111(1 \\lI(I(. lo,lllslil’~ 111( :l(l(lili\il~

r 7“Z(I (J’ )(1J’ ~
,,,

{II( (111 -\ilri:ll)l(s  Z,/ : 1010/,,,,(2)”  all(l /{,/ ~

(;i\(ll  ;I(t(ldl (Iat;i, il’ 011( tloiv coll)l)(lt(~s  a

.(’. a fl]tlctio]l  Ivlli(ll  sdtisfic’s
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lIow clwx~rill  t h i s  F’(oll](’totll(’ii(tllill”  (o])litl]dl)  Z // Il]tlctio]l  /’”?
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~.
7-’z<, (.l”)d.l’ = ])l’{z(/ <  :} (:))

. ,x,

~ l)l{/’’( 2,/)< /“(:)} ((j)

])l’{l{, / - 1  .\” “’. /“(:)} (T)

,

‘1

l’(:)
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l)llllillp;  (1) ?111(1  (8) to~)(’tll(’r, tl]is i]]]]  )lirstllat  ~’alId  1’ al( I(ldt  ((l I)J

/ ’ ( , ? )  : 1“(2-  ( 1 -\/, ]120) (f’’(:). [{h,}), ( l o )

\Yll(’1”(’  (1 : (). !’)(+ /O;{<, i s  011(  ’-I I: III” tll(’ r:llit) of 111(’  \’ill”iiIll  (’(’S  01” !\’ all(l  //,/. ;1]1(1 \\ ’11( ’l’(’
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